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a b s t r a c t
The one-electron radial density function D(r) has recently been found to be separable into
inner D<(r) and outer D>(r) radial density functions. The inner D<(r) and outer D>(r)
densities are studied for 28 singly-excited 1snl singlet and triplet states (0 ≤ l < n ≤ 5) of
the He atom at a correlated level. Theoretical structures of D<(r) and D>(r) are discussed
within the Hartree–Fock framework. Comparison of correlated D<(r) and D>(r) with
hydrogenic radial densities based on themodal characteristics and Carbó’s similarity index
clarifies that D<(r) represents the 1s density of the helium cation, while D>(r) extracts
the nl density of the hydrogen atom from D(r). The radial separation 〈|r1 − r2|〉, which
constitutes a lower bound to the standard deviation of D(r), is shown to be estimated from
the location of the outermost maximum of D>(r).
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
In an N-electron atom (N ≥ 2), the one-electron radial density D(r) represents the probability density function of
finding an electron at a distance r from the coordinate origin, i.e., the nucleus. The density function D(r), normalized to
N , is expressible (see e.g. [1,2]) as
D(r) = 2
N − 1
∫ ∞
0
dr2D2(r, r2), (1a)
where
D2(r1, r2) = N(N − 1)2 r
2
1 r
2
2
∫
ds1ds2dΩ1dΩ2dx3, . . . , dxN |Ψ (x1, . . . , xN)|2, (1b)
is the two-electron radial density function (see e.g. [3]) normalized to N(N − 1)/2, the number of electron pairs. In
Eq. (1b), Ψ (x1, . . . , xN) is a normalized N-electron wave function, xi = (ri, si) is the combined position–spin coordinate
of the electron i, and (ri,Ωi) is the polar coordinate of the vector ri. The function D2(r1, r2) is the probability density of
finding an electron at a radius r1 and another electron at r2 simultaneously.
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It has been recently shown [1,2,4] that D(r) is rigorously separated into the inner D<(r) and outer D>(r) radial density
functions,
D(r) = D<(r)+ D>(r), (2a)
D<(r) = 2N − 1
∫ ∞
r
dr2D2(r, r2), (2b)
D>(r) = 2N − 1
∫ r
0
dr2D2(r, r2), (2c)
where both D<(r) and D>(r) are normalized to N/2. The inner radial density D<(r) is the probability density function that
one electron moves with a radius r which is smaller than the radius of the other electron, while the outer radial density
D>(r) is the probability density function for the opposite situation.
Previously, the average inner 〈r<〉 and outer 〈r>〉 radii, defined [1] by
〈r<〉 = 2N(N − 1)
∫ ∞
0
dr1
∫ ∞
0
dr2 min(r1, r2)D2(r1, r2), (3a)
〈r>〉 = 2N(N − 1)
∫ ∞
0
dr1
∫ ∞
0
dr2 max(r1, r2)D2(r1, r2), (3b)
were investigated [5] for the 28 singly-excited 1snl states (0 ≤ l < n ≤ 5) of the helium atom at the Hartree–Fock (HF) and
correlated levels, where n and l are the principal and azimuthal quantum numbers. In all the cases, the inner radius 〈r<〉was
found [5] to be close to 0.75, which corresponds to the average radius of the 1s electron of the helium cation. On the other
hand, the outer radius 〈r>〉 is [5] almost equal to the average radius of an nl electron of the hydrogen atom. These led to the
conclusion [5] that 〈r<〉 detects an electron which behaves like the 1s electron of He+ and 〈r>〉 detects an electron which
behaves like an nl electron of the hydrogen atom.
Since Eqs. (3a) and (3b) were found [2] to be rewritten as
〈r<〉 = 2N
∫ ∞
0
drrD<(r), (4a)
〈r>〉 = 2N
∫ ∞
0
drrD>(r), (4b)
the results of Ref. [5] suggest that D<(r) and D>(r) for these excited states of the He atom represent the densities of the
1s electron of He+ and an nl electron of the hydrogen atom, respectively. In this paper, we explicitly study properties of
correlated inner D<(r) and outer D>(r) radial densities for the 28 singly-excited 1snl states (0 ≤ l < n ≤ 5) of He. Section 2
presents theoretical structures of D<(r) and D>(r) for the excited states within the HF framework. In Section 3, we compare
D<(r) and D>(r)with hydrogenic radial densities on the basis of their modal characteristics and Carbó’s similarity index [6,
7] and find thatD<(r) can be approximated by the 1s radial density of He+ andD>(r) by the nl radial density of the hydrogen
atom. Further, a good correlation between the radial separation 〈|r1−r2|〉 = 〈r>〉−〈r<〉 and the location rmax of the outermost
maximum of D>(r) is pointed out. Hartree atomic units are used throughout this paper.
2. Theoretical consideration
In the HF approximation, the singlet ( 1Ψ ) and triplet ( 3Ψ ) wave functions of the singly-excited 1snl configuration of
the He atom are expressed by
1,3Ψ = 1√
2
det{ψ1sα ψnlmβ} ∓ 1√
2
det{ψ1sβ ψnlmα}, (5)
where m = −l, . . . , l − 1, or l, and the spatial function ψnlm(r, θ, φ) is assumed to be a product of a real radial function
Rnl(r) and a spherical harmonic function Ylm(θ, φ). After integration over the spin and angular variables, the associated
two-electron radial densities 1,3D2(r1, r2) are calculated to be
1,3D2(r1, r2) = 12 [d1s(r1)dnl(r2)+ dnl(r1)d1s(r2)± 2δl0δm0d1s,nl(r1)d1s,nl(r2)], (6)
where
dnl,n′ l′(r) = r2Rnl(r)Rn′ l′(r), dnl(r) = dnl,nl(r), (7)
and δij is the Kronecker delta.
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Then the inner 1,3D<(r) and outer 1,3D>(r) density functions are obtained as
1,3D<(r) = d1s(r)cnl(r)+ dnl(r)c1s(r)± 2δl0δm0d1s,nl(r)c1s,nl(r), (8a)
1,3D>(r) = d1s(r)[1− cnl(r)] + dnl(r)[1− c1s(r)] ± 2δl0δm0d1s,nl(r)[c1s,nl(0)− c1s,nl(r)], (8b)
where
cnl,n′ l′(r) =
∫ ∞
r
dr ′dnl,n′ l′(r ′), cnl(r) = cnl,nl(r), (9)
with properties cnl,n′ l(0) = δnn′ and cnl(0) = 1, corresponding to the orthonormality of Rnl(r). Eqs. (8a) and (8b) are
consistent with the relation
1,3D(r) = d1s(r)+ dnl(r), (10)
for the one-electron radial densities 1,3D(r) of the wave functions 1,3Ψ .
Now we consider a case when the function Rnl(r) has a nontrivial amplitude only in a region of large r where R1s(r) is
very small. Then, it is immediately concluded that cnl(r) ∼= 1 for a small r where d1s(r) 0 and dnl(r) ∼= 0, while c1s(r) ∼= 0
for a large r where d1s(r) ∼= 0 and dnl(r)  0. If l = 0, we further assume that d1s,ns(r) ∼= 0. In this situation, we have
approximate expressions from Eqs. (8a) and (8b) that
1,3D<(r) ∼= d1s(r), 1,3D>(r) ∼= dnl(r), (11)
common to the singlet and triplet. Namely, the 1s and nl densities correspond to the inner and outer densities, respectively.
The difference between the singlet and triplet densities comes from the fact that the radial functions R1s(r) and Rnl(r) in
Eq. (11) are different for the singlet and triplet. In the 1sns states, the last term with double sign in Eqs. (8a) and (8b) also
contributes to the difference, and Eq. (11) is expected to be less accurate.
3. Numerical results and discussion
For the 28 singly-excited 1snl states of the heliumatom,we employed correlatedwave functions developed in Ref. [5]. The
functionswere generated by themulti-configuration Hartree–Fock (MCHF)method using amodified version of theMCHF88
program [8]. For the MCHF wave function of each state, the combination of configurations was variationally optimized.
The number of configurations and the difference between the MCHF and near exact [9] total energies are given in Ref. [5].
Following Eqs. (1b) and (2), we then constructed the MCHF radial densities D<(r), D>(r), and D(r). The search for their
extrema was made using analytical quintic polynomials designed to interpolate three data points on each side of the target
extremum.
As an example, the radial densities D<(r), D>(r), and D(r) of the 1s2s singlet and triplet are shown in Fig. 1. For the
1s2s singlet, the inner radial density D<(r) is a unimodal function with a maximum at r = 0.489, while the outer radial
density D>(r) is a bimodal function with maxima at r = 0.771 and 4.384. The one-electron radial density D(r) is a bimodal
function with maxima at r = 0.502 and 4.383. For the 1s2s triplet, D<(r) and D>(r) are unimodal functions with maxima
at r = 0.495 and 3.543, respectively. The one-electron radial density is a bimodal function with maxima at r = 0.495 and
3.539. The first (sharp) and second (diffuse) peaks of D(r) for the 1s2s singlet and triplet states are observed to originate
mainly from D<(r) and D>(r), respectively. When we analyze the modality of D(r) for the 28 singly-excited states of He,
D(r) has a sharp peak at r ∼= 0.5 and a few diffuse peaks at larger r , as described [10–14] for several singly-excited states of
He. Decomposition of D(r) into D<(r) and D>(r) for the 28 singly-excited states finds the following modal characteristics;
(i) D<(r) is a unimodal function with a maximum at r ∼= 0.5 without exceptions. (ii) D>(r) has n − l − 1 (1sns triplets) or
n− l (other states) maxima at large r . (iii) The maxima of D>(r) are in rough agreement with those of D(r) at large r . Thus,
the first peak of D(r) at r ∼= 0.5 comes primarily from D<(r) and diffuse peaks of D(r) at larger r from D>(r). The results
support the property thatD<(r) is amore important component ofD(r) for a small r , whileD>(r) is for a large r , as found [2]
for the 102 atoms He through Lr in their ground states.
It is anticipated that Eq. (11) holds for the MCHF radial densities as well, if the electron correlation is not very large. To
obtain some details for the densities d1s(r) and dnl(r), we consider a crude independent electron model (see e.g. [15,16])
which ignores the interaction between the two electrons in He. In such a model, the density of an electron with a smaller
radius would be similar to the 1s density of He+ due to a bare Coulomb field by the nucleus. The hydrogenic nl radial density
hZ,nl(r) is given by
hZ,nl(r) = r2[RZ,nl(r)]2, (12)
where Z is a nuclear charge and RZ,nl(r) is a hydrogenic radial function [17] defined by
RZ,nl(r) = −2ζ 3/2
{
(n− l− 1)!
n[(n+ l)!]3
}1/2
(2ζ r)lL2l+1n+l (2ζ r) exp(−ζ r), ζ = Z/n, (13)
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Fig. 1. Radial densities D<(r), D>(r), and D(r) exemplified for a singlet and b triplet of the 1s2s state.
in which Lkj (x) is the associated Laguerre polynomial. The 1s density h2,1s(r) of He
+ is a unimodal function with a maximum
at r = 0.5 exactly. Because of an almost completely screened Coulomb field by the other electron with a smaller radius,
on the other hand, it is expected that the density of an electron with a larger radius is given by the density h1,nl(r) of an nl
electron of the hydrogen atom, which has n− lmaxima.
Fig. 2 compares the MCHF radial densities of the 1s2s singlet and the hydrogenic radial densities. In Fig. 2(a), the inner
density D<(r) is unimodal and almost superimposed on the hydrogenic 1s density h2,1s(r). In Fig. 2(b), D>(r) and h1,2s(r)
are bimodal functions. They resemble each other, although the location of the second maximum of D>(r) is slightly smaller
than that of h1,2s(r). In Fig. 2(c), D(r) and DH(r) are similar in distribution, where DH(r) = h2,1s(r)+ h1,nl(r). The difference
between the distributions D(r) and DH(r) arises mainly from the different second maxima of D>(r) and h1,2s(r) shown in
Fig. 2(b). When we compare the MCHF and hydrogenic radial densities for the 28 singly-excited states, similarities between
D<(r) and h2,1s(r) and between D>(r) and h1,nl(r) are confirmed in all the cases, except that D>(r) has one less maxima
than h1,nl(r) for the 1sns triplets. These results suggest approximate relations
D<(r) ∼= h2,1s(r), D>(r) ∼= h1,nl(r), (14)
for the MCHF radial densities, irrespective of the spin state.
As a global measure of the similarity between two radial density functions f (r) and g(r), we use the similarity index
S[f , g] defined [6,7] by
S[f , g] =
∫ ∞
0
drf (r)g(r)
/√∫ ∞
0
drf 2(r)
∫ ∞
0
drg2(r), (15)
which satisfies 0 ≤ S[f , g] ≤ 1.When S[f , g] = 0, f (r) and g(r) differ completely, while theymatch perfectly if S[f , g] = 1.
Table 1 collects the calculated similarity indices S[D<, h2,1s] between the innerD<(r) and hydrogenic h2,1s(r) radial densities
for the 28 singly-excited 1snl states of He. All the similarity indices S[D<, h2,1s] are almost equal to 1 or D<(r) and h2,1s(r)
match very well. Together with the modal characteristics of D<(r) and h2,1s(r), these results indicate that the inner radial
density D<(r) of the singly-excited 1snl states represents the density of the 1s electron in He+. Table 1 also presents the
similarity indices S[D>, h1,nl] between the outer D>(r) and hydrogenic h1,nl(r) radial densities. All the similarity indices are
close to 1, except for the 1sns triplets whose indices range from 0.767 to 0.839. The low similarity indices of the 1sns triplets
are mainly due to the fact that the 1sns triplet D>(r) has one less maxima than those of h1,nl(r), as mentioned. From these
results and the modal characteristics of D>(r) and h1,nl(r), we conclude that the outer radial density D>(r) approximately
extracts the density of an nl electron in the hydrogen atom from D(r). Naturally, all the similarity indices S[D,DH] between
the total densities D(r) and DH(r) are close to 1 in Table 1.
The radial separation 〈|r1 − r2|〉, defined by
〈|r1 − r2|〉 = 2N(N − 1)
∫ ∞
0
dr1
∫ ∞
0
dr2|r1 − r2|D2(r1, r2), (16)
is an important property which reflects the distributions of radial densities, because 〈|r1 − r2|〉/2 is [1] the deviation of the
average inner 〈r<〉 and outer 〈r>〉 radii from the average electron radius and it also bounds [4] the standard deviation of
D(r). For the 28 singly-excited states of He, we find a good correlation between the radial separation 〈|r1− r2|〉 and rmax (see
Fig. 3), where rmax is the location of the outermost maximum of the outer radial density D>(r). For the 28 singly-excited
states, a linear regression calculation gives
〈|r1 − r2|〉 ∼= 0.9034rmax + 1.2634, (17)
with a correlation coefficient of 0.9957. When the radial separation calculated from Eq. (16) is compared with the value
estimated from Eq. (17), the average relative error is 5.3%. In Ref. [5], it was reported that 〈r<〉 ∼= 0.75 and 〈r>〉 ∼= 〈r12〉 for
the 1snl states of He, where 〈r12〉 = 〈|r1 − r2|〉 is the average interelectronic distance. Since 〈|r1 − r2|〉 = 〈r>〉 − 〈r<〉, we
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Fig. 2. Comparison of the MCHF and hydrogenic radial densities for the 1s2s singlet. (a) D<(r) and h2,1s(r), (b) D>(r) and h1,2s(r), (c) D(r) and DH(r).
Table 1
The similarity indices S[D<, h2,1s], S[D>, h1,nl], and S[D,DH] for the 28 singly-excited 1snl states of the He atom
Electron S[D<, h2,1s] S[D>, h1,nl] S[D,DH]
Configuration Singlet Triplet Singlet Triplet Singlet Triplet
1s2s 0.9999 0.9997 0.9440 0.7670 0.9913 0.9628
1s3s 1.0000 1.0000 0.9532 0.8085 0.9960 0.9831
1s4s 1.0000 1.0000 0.9579 0.8275 0.9977 0.9904
1s5s 1.0000 1.0000 0.9608 0.8393 0.9985 0.9939
1s2p 1.0000 1.0000 0.9997 0.9897 1.0000 0.9983
1s3p 1.0000 1.0000 0.9997 0.9899 1.0000 0.9991
1s4p 1.0000 1.0000 0.9997 0.9904 1.0000 0.9995
1s5p 1.0000 1.0000 0.9997 0.9909 1.0000 0.9997
1s3d 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1s4d 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1s5d 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1s4f 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1s5f 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1s5g 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
expect approximate relations 〈r>〉 ∼= 〈|r1 − r2|〉 + 0.75 and 〈r12〉 ∼= 〈|r1 − r2|〉 + 0.75. A combination of these relations and
Eq. (17) yields
〈r>〉 ∼= 〈r12〉 ∼= 0.9034rmax + 2.0134. (18)
When Eq. (18) is used for the 28 excited states, the average relative errors of the outer radius 〈r>〉 and the interelectronic
distance 〈r12〉 are 4.8% and 4.5%, respectively. Thus, 〈r>〉 and 〈r12〉 as well as 〈|r1 − r2|〉 for the 28 singly-excited states of He
can be reasonably estimated from the location rmax of the outermost maximum of the outer radial density D>(r).
4. Summary
The MCHF radial densities D<(r), D>(r), and D(r)were calculated for the 1snl singlet and triplet states (0 ≤ l < n ≤ 5)
of He. When the modal characteristics between the MCHF and hydrogenic radial densities were compared, D<(r) is closely
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Fig. 3. Linear correlation between the radial separation 〈|r1 − r2|〉 and the location rmax of the outermost maximum of the outer radial density D>(r).
similar to h2,1s(r) and D>(r) is analogous to h1,nl(r). Computations of the similarity indices S between the MCHF and
hydrogenic densities showed that S[D<, h2,1s] ∼= 1 for all the cases. All the similarity indices S[D>, h1,nl] were found to
be close to 1 except for the 1sns triplets. We conclude that D<(r) represents the density of the 1s electron in the helium
cation, while D>(r) extracts the density of an nl electron in the hydrogen atom from D(r).
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